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Base point free Theorem :

Proposition : Let IX.d) be a Jlt pair
and H be

a net ② - Cartier divisor such that H - lkx + d)

is net and abundant . Assume that

✗ (X ,
or H - (Nxt Ll)) = ✗ IX. H - Ckx + G) I &

(✗ , och - Ckx + d) d 30 for some a > 1
.

It H lies is semisimple ,
then Bslmtlln Lot =§

for some m with MH Cartier
.

Proof : ✗ Y Z . µ is a log resolution

& f is a contraction
.

µ* ( H - thx to )) no f- No ,
No big &note- H no f- Ho , with Ho net

Hy = µ* thx +d) + Ii ai Ei , Oei > -1.



Proof : ✗ÑY→Z . µ is a log resolution

& f is a contraction
.

µ* ( H - thx to )) no f- No ,
No big &note- H no f- Ho , with Ho net

Hy = µ* thx +d) + Ii ai Ei , Oei > -1.

si-L.LI
,
E : -- Ii Tai? Ei , S

'
: - I' Ei .

Qi so Ki = -1

Note that
y

kit

mµ*H + E - s
'
- (Ket & { -oil E) =

cm - 1) µ*H + µ* ( H - (Kitts)) no

cm -1) f-*Hot f-* No
→ net + by on Z .

Case 1 .

- f- (s
' ) =/ Z . By Kottai 's infectivity Theorem :

H' CY
, Or (mµ*H + E - s

'

)) →

H ' LY
, Oelmµ*H + E )) is injective .



Then , we have a commutative diagram ,
B #0 ✗ -1-0

Holt, Oi lmµ*HtE ) ) HIS!OsiCmµ•HtE ) )

Ts Ti
H°(Y, Oycmplttl ))→ 1-1%5'iUsiCmµ- H ))

Ts Ti
1-10 ( X

, Dx CMH )) 5- HOG
. Go Cmt ))

P' to 1- €0

i is injective because É I E have no common comp .

j is injective because s'→ S is surjective

Hence
, s is surjective . Thus , lmtlls - 1m41s / =p.

Case 2 : fcs' ) = -2 .

There exists S
"

of 5
' with fcsa ) - Z .

Since HIS semisimple and µ
- H - of

- Ho
, then

f-
*

Hols " is semisimple .
Hence

, Ho is semisimple .

☐

-



Proposition : Assume IX.d) is Itt . H net On-tix

on X such that :

Cs ) H - (18×+4) is nef & abundant
. ,

G) VIX , out - CK×+d ) ) = XCX , H - Ck×+dJ) , and .

KCX , alt - Atxtall 20.

If for some Peethas , the tinisor p . His Cartier

and Bslp.tl/nLdI-- § , then His semi ample
Theorem : IX. B) Ic pair & Ri ✗→ S proper morphism onto S .

Assume the following conditions :

(2) It is te - nef ② - Cartier ⑥ - divisor on ✗ ,

161 H - lKx&B ) is R - nef & M - abundant

cot to ( Xq , t.at/-CKxtBJIzJ > o and .

V1 Xn , Cat - thx +131121=11 (Xp , CH - LK✗ + Bdlz )

for some or > 1
.

(d) CH is Carlier and G- (CH ) - = ②✗ CCHJIT is to -generated ,

where 1- = Monnett (✗ i B)
.

Then It is R- semiample .



Theorem 4.1 : f :X→ -0 projective .
IX. d) Jlt On - factorial . 0° EU open

:

at The
image of any

strata 51 of S- Las internet. -00
,

G) text dis R- net and Ckx +d) 1×0 is semrample
↳ I for any component Si of S , (16×+4) Isi is

semrample over -0 .

Then ✗ this semisimple over V.



Theorem 1.1 : f :X→ 0 pm; nor of normal rear .

CX ,d) Jlt , S = LAI ,
0%0 is such that

CX° , do ) has a good minimal motel over V0 .

Assume
every

strata of S intersects ✗° .

Then
, CX.LI) has a good minimal motel over -0 .

Remark : µ* (18×+4) + F = Kx ' + ,
then

(X' ill' ) has
agmm over -0 → IX.d) has

agmm over
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Lemma 5.1 : We can find a pro;
Bir morphism

Y→ F a morphism hx : X- T
. :

G) IX.d) has a good minimal motel Z over T.ie

cat h×* (Clxlmlkx +↳ Her ②+ lmlke+Bt①
↳J Kztµ*L no h☒ (Nyt B + J ) <

cat IT , BJ is log smooth and all strata of T - LBJ intersects -0
.

(5) He + BI-J~o.ro Ct -2'tA ,
H, Btec ) , IX.It eh C) are At

(6) for any
oases

.
there exists ④ e- Orio B+JteCA+c)

so that CT
,
② e) is * It



Proof of 5. di Proposition 2.1 thx :X→Y
, B.J)

H-ctbi-J~o.ir Ct I' +A .
1- = LBS

A ample , I'&C have no common comp , sipped )EoppG )

Assume CT
, supp Cbtc) ) is lay smooth

C contains no non - klt centers of CY , B) →

HIC contains no non - klt center of (Xia ) .

Observe JTEA ample over -0 .

Hence , B+ it ECC +A) now ① e where CY ② a) ask

B-STtecto-teAtST-BI-Jte.CC +A) .

YE Impi
Proposition 2.13

, gives us an isomorphism :

RCXIY ,dlkxtdtehicci-AD-R.LY/YiJlHyt.BtJtECCtA)) I

RCYIY ,
J Chat s )) ← is Jj .



By proposition 2.11 1- 2-12
. → (✗all ) has a

good minimal motel CZ.dz ) for IX.d) over Y

As an outcome
, we conclude that

HztLz~oieo so kztdz~atichytet.at ) .
☐



Lemma 5.2 1- 5.3 : Up to replacing ✗ with a higher model :
(1) Nyt ② +Jt Ecct A) has

agmm
T

'

over V -

G) With + eh:(AA ) has a gmm Z
'
over V.

equipped with a morphism Z
' "→Y !

(3) (Hel 1- B'to 't tcc 'tA1 )) /yo is semisimple over V0.

for every
0£ tee

141 No ( text 13+5 + ECCTA )/V) stabilize for E small
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+ d) - MMP with scaly of
h¥ Cct A) .

✗ - - -→ z
'

-→ Zi - →
. . . .

- - .
.> Zi

'

Ii 1 I| YI - - → Y,
'
-→

. .
.

-→ Ti
'

Hit B' + J '
-MMP with scaly of C'+ A

'

Claim : This MMP terminates .

Y
'
-→ The

, we obtain Z - - → Z'm a min motel

for Nz + z t th*CC+A ) and

RCXIO , Kita ) ⇐ RCZ 'w 10 , Kai + Llzln ) .

RCZÑ /O_0 , hlzñtdz;) E 126×8100, Nao +do ) is fg .

By induction on dimensions NThri-LTL-lkzentdzdllt.in .

is semi ample over 0 .

4.I → KEN + 2- to is semi ample over V.
☐

.



Notation : Di
'

pooh - forwardTermination of flips :

of D in Yi
'

.

Cheat B' +0 ' ) - MMP over V with scaling of ECCHA
' )

Ti = LBI 't for every i.

Ii is a flipping curve
.

Cci + Ai ) -Ii > 0

( Hei 't Ji
'

+ Bi
' ) ' Ii < o

so Iii - Ii < o .

supp CZ
' :) - supp C②iI ) - app

Cti )

The whole Http happen along non- *It CT :B ' )
.

G- i
'
a component of 5--141 tomrnaty a component oft

We obtain a MMP Gi
'

- -
- s G- its for the

pair CGI . Ice. ) obtained by adjunction with

scaling of Bi - Ki LAI 't Ci
' ) / Gi .
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By Thm 1.1 Jim n -1
,
Kait Gi has 2gmm G- over -0 -

X : G-→ D- ample motel over 0 .

Lemma 5.7 : There is a

gmm
G- mofl-G-ida-tt.IT

over D- .

Proposition : ( Em , dEmttÉm ) is a gmm over -0

for all ost ← to . Hence , the multi -grated my

RCG-mlo-ikamtda-miha.int taint toEm ) is fg .

Since G- -→ Em is HE + do + to non - por

RCG-to.ha-tda-ika.tk Et to E) is also jg .



Lemma 5.8 : The Zi -→ Ziti are eventually tiojornt from Gi .

Proof : I geom real over G- . 0pct ) - int { molt, (D) IDEA

of ( Kant Emt t§m /G ) - o for all tc-E.to]

OI (-1-0) is 30 and linear on the cone ler C-Diu CGI)

spanned by XP CKG.tl Go ) and kicker +doit to -8:) .
Kuo]

.

multipleThere exists E over Gi ' sit for every
oases?

""Y

oe(Ei , Gi , Wait dart Gi - 8) § ;) <

Oc (Ei , Gin , Kaito + a- it , t
Gai - 8) ⑤ Ag ) .

This implies OE:( Kait Llctit Gi -8) Ii /G) so .

T

OE ( kart a- it so Ii /0-3--0 .

→ c- OE is linear and non - neg on lei
.

☐
•


